JHU EE525.707 HW#2 SOLUTIONS (©2009 Hammons
1. Tt is simplest (but sufficiently general) to consider the following generator matrix structure:

1 1

1 0
G=[1I | P]_[O 1‘ 0 --- 0

10 --- 0
11

1 )

where P has b consecutive ones flush left in the first row and d consecutive ones flush right on
the last row.

Experimentation yields the following solutions:

n=2 = dpn=1, G::(l) (1)}

n=3 = dnn=2, G::é(ll ”

n=4 = dpn=2, G::(l)? (1)(1)]

n=>5 = dun=3, G::(l)(l) (1) i (1)]

n==6 == Awin = 4, G::(l)(l) (1) i 1 (1)]

n=7 = dpn=4 G::(l) (1) (1) (1) 1 (1) H

n==,8 = dmin = 5, G::(l) (1) (1) (1) 1 1 (1) (1]]

n=9 = duppn =6, G::(l) (1) (1) (1) 1 1 1 ? (1)]
=10 = =0 G=| Vg
n=11 = dpn=71, G::(l)(l) (1)(1) 1 1 i 1(1)(1)(1)}
=12 = =8 G=|o 1| G001 11111

For k = 2 and general n, it is straightforward to show—but surprisingly tedious!—that the best
possible minimum Hamming distance is given by dmin = [22|. Our experimental findings are

3
consistent with this result.

2. In this simple example, we can solve the problem by trial and error—perhaps even by inspection!
Larger codes would require a more systematic approach (pun intended), which is illustrated in
my solution below.

We make use of the following neat trick from linear algebra. Let A be a £ X m matrix with
canonical form B, and let M = [ A | I| be the ¢ x (m + ¢) matrix produced from A by appending
the ¢ x £ identity matrix I. Gaussian elimination applied to M produces its canonical form
[B | Q], where Q has the curious property that

QA = B.

In effect, Q “memorizes” the Gaussian elimination steps that changes A to B.

This is in fact the usual method for finding the multiplicative inverse of a square matrix (or
showing that it doesn’t exist). In particular, if B is the identity matrix, then A is invertible,
with inverse A~! = Q. If B is not the identity matrix, then A is not invertible.



For reasons that will perhaps become apparent only at the end, we apply the above trick to

A =GT:
M = [G"[I]

(adding 1st row to rows 2, 4, 7, 8, 9)

(adding 2nd to rows 1, 3 —5, 9 — 10)

(interchange rows 3 and 7)
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(adding 3rd to rows 1 —2, 4 —6)

(adding 4th to rows 5 — 6, 8 — 10),

r I

O O DD DO DD OO OO H OO oo ocooco
OO OO DO OO0 HO OO0 oo o000 o —H O
SO O OO OO HOO OO O oo oo O 0o
oA O O OO0 A O OO
O OO OO H O OOO Oooo o —-HO o oo
OO OO 1 OO OO OO0 HOOoOOo oo
OO O H O OO0 OO0~ A O A —
SO OO OO 1O OO OO oo oo —H O Oo0o
A O A 4 O O~ "4 4O 4O - - OO
T O 4O A "4 4O A 4O A 0O -0 —-AO
OO OO A A 4O 4 44 OO0 00O oo o
OO H OO DODODDODODDO OO +HO OO o oo
O —H O O O OO O OO OO OO oo o oo
— O O OO OO OO O HO O OO oo o oo
L L

which achieves the desired canonical form for M. The matrices of interest are
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B. Then

T We also know that QG™

=GTg

aG, we have ¢t

Since ¢

We do not need the extra zeros in the output, so let A be the 4 x 10 matrix consisting of the first



3.

four rows of Q. Then Aé' = a’, so the solution to the problem is the matrix:

100 1 17
1101

0000

0001

- 0000

T =A=15000
1111

0000

0000

L0 0 0 0.

It is easy to check that this J works.

The matrix G is not square, so has no multiplicative inverse. The problem would be much simpler
if it did! One student asked whether the pseudo-inverse from linear algebra can be used to solve
this problem. For real vector spaces, the equation ¢ = aG can be solved for a by right-multiplying
both sides by the pseudo-inverse

J=G"(GG") "

For real matrices, if G is of full rank (all rows linearly independent), then GG™ is always invert-
ible. Thus, the pseudo-inverse exists, even when the matrix G has no inverse.

In the binary case, the pseudo-inverse technique will not always work. The generator matrix G
satisfies the requirement that it is of full rank over the binary field, but this does not guarantee
that GGT is invertible over the binary field. For example, there are codes that are self-dual in
which case the product is the all-zero matrix! If GGT is invertible over the binary field, however,
the pseudo-inverse does exist and can be used to solve the problem. If not, the method does not
work, and one has to resort to the procedure described above.

(a) The C = GTUG be an array code codeword corresponding to information U. We must
show that every row and column of C is a codeword of the constituent code C. First, note
that the transpose

c’ = (G"ug)”
— GTUT(GT)T
= GTUTa,

so that C” is also an array code codeword, corresponding to information U”. As a result, it
is enough to show that each row of C is in C. (The columns of C are just the rows of C7.)

Let a@; denote the i-th row of the matrix A = GTU. Then the i-th row of C = AG is
¢; = a;G, which is clearly a codeword of C since G is a generator matrix for C.

(b) Suppose that V is a matrix whose rows and columns are codewords in the constituent code
C. Then there exist Uy, satisfying

vV=U;G
and Up satisfying
vl =UlG or V=GTU;.

To show that V is in the array code, we must find U such that V = GTUG.

By previous problem, there exists a matrix J that inverts the action of G—i.e., if ¢ = aG,
then ¢J = a. Thus,

GJ =1,



where I is an identity matrix. We claim that
U=J"VJ

is the desired information matrix that produces V as an array code codeword.
First, some preliminary calculations. Note that

V=U;G = VI=U; = VIG=V
and
VI =ULG = VIJ=U} = VIJG=VT = G'J'v=V.
Therefore,

cTug = GTI'viaG
(GTITV)IG
VIG

Vv,

as was to be shown.

Any row with a non-zero information bit must have weight at least duyin(H7) = 3, since it
is a code word in Hy. Likewise, wherever there is a one in a row, the corresponding column
must also have weight at least dpi,(H7). This argument shows that

dmin(c) > dmin(H'?) . dmin(H7) =9.

Note that ¢ = (1100001) is a minimum weight code word in H; (as defined in HW#1). It
may be used to construct the following code word of weight 9 in C:
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Hence, dpin(C) = 9.

By consideration of two code words at the minimum Hamming distance dy, for the code
(as done in lecture), it is easy to see that any combination (7., 74) is possible provided

2. + A +1< min,

where A = 74— 7. > 0. The largest 74 occurs when A = dpin — 27. — 1. Hence, for dpin = 9,
the following possibilities exist:

W = oS
ok o P
A oto o4
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(a) Let e; denote the error pattern having a 1 in the i-th position and 0 everywhere else, and

let H be a parity check matrix with columns hy, ha, ..., h,. Then
0]
— — — — — 0 -
Hef = [ h1 - his1 hi hipg ho || 1| =hi
- () -

Thus, the columns of the parity check matriz H are the syndromes for the 1-bit error patterns.

From the syndrome table, we see

0111000
1010100
H—1100010
1110001

Since the parity check matrix is of the form H = [P | I, ], a generator matrix is given by

G = [Ikxk | PT]. Thus,

1000111
G=|0101011
001 1101
(b) The syndrome for 7 is computed as
1
1
0111000 1 0
o+ 1010100 |1
S=HE =1 10001 0 (1)_1
1110001 1 0
—1-

From the table, the error pattern corresponding to this
the decoder output is code word ¢ = 7 + e = (1110001).

syndrome is € = (0000110). Hence,



